














































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































sions. A non-abelian extension of this approach has been given by Witten
[3].
The versatility of path integrals clearly indicate the desirability to de-
velop these techniques also in a path integral language. A path integral ver-
sion of the bosonization technique for interacting models (like the Thirring
and Schwinger models) had in fact been developed some time ago [4], but it
was only recently [5] that (in the abelian case) the equivalence between free
bosons and free fermions was established with path integral techniques.
The central idea in ref. [5] was to introduce bosonic degrees of freedom
into the path integral in such a way that a gauge symmetry appears, so
that the fermionic degrees of freedom can then be \frozen" out by xing a
gauge. Although conceptually appealing, this idea seems somehow dicult
to implement in practice.
The aim of the present paper is to derive a bosonization dictionary from
path integrals in an alternative way. Fermionic degrees of freedom are traded
for bosonic degrees of freedom by rewriting the generating functional of the
fermions in such a way that a fermionic G=G coset model [6] is factored out.
This is achieved by rst introducing a suitable identity followed by a chiral
change of variables.
This method oers a number of advantages over the method of ref. [5].
Firstly, it is technically much simpler, mainly because no gauge xing is nec-
essary and therefore the complications due to gauge xing in [5] are avoided.
More importantly, our method generalizes readily to the non-abelian case.
Indeed, for fermions in a representation of a non-abelian group G, we are
able to show the equivalence between a theory of free fermions and a G=G
coset model times a Wess-Zumino-Witten (WZW) model [3]. In this way we
rederive in a rather straightforward way Witten's non-abelian bosonization
[3] for free fermions in the path integral setting. Furthermore our method
enables us to derive a complete bosonization dictionary in path integral
language.
Concerning the G=G coset model [7] which factors out in our approach,
we note that it corresponds to a topological model, so that the associated
energy momentum tensor is zero { no dynamical excitations exist in this
sector. The original fermionic model is thus factored into a dynamically
trivial model and a bosonic model which carries the physical degrees of
freedom of the original fermions.
It should be noted that we concentrate on correlation functions of cur-
rents and other fermionic bilinear products. For simplicity we do not con-
sider energy-momentum correlation functions, but our method can be ex-
2
tended to study such correlation functions in a straigthforward way by start-
ing with free fermions in a background metric. Here we employ a at Eu-
clidian space-time throughout.
Although our method is logically independent from the method in ref. [5],
there are interesting parallels. In particular, although we do not introduce
a bosonization gauge symmetry from the start as in ref. [5], we discover the
existence of a BRST-symmetry which appears naturally in our work. This
BRST symmetry is especially important in the non-abelian case where it
guides us in handling a determinant.
The outline of the paper is as follows. In Sect. 2 we discuss our boson-
ization technique in detail in the abelian case. In Sect. 3 we discuss the
BRST symmetry and some parallels with the work in ref. [5]. The general
formalism for the non-abelain case is presented in Sect. 4 and in Sect. 5 we
summarize and draw some conclusions.
2 Abelian bosonization
For simplicity we rst illustrate the method in the abelian case. We consider
the problem of free Dirac fermions in two dimensional Euclidian space for


























































































































. The fermionic measure is invariant under this transformation as









































Dropping primes for notational simplicity, this is just expression (3) as as-
serted. For the sake of technical convenience we use expression (3) rather
than (2) and at the end of the section re-introduce the original sources and
discuss how to bosonize without making transformation (4).





















is the action of a constrained fermionic U(1)=U(1) coset model

























+ ghosts] ; (7)
with B
+
in the role of a Lagrange multiplier that enforces the coset condition
on physical states [7, 8]. S
B
is a bosonic action to be determined and the
source term A
+
is coupled only to the bosons of this model.
To achieve this we have to introduce a bosonic eld into the generating
functional (5) which will play the role of the eld B
+
in (7). With this in





























































































































] above with Eqs. (6) and (7), we see that the rst two
terms of the action are in fact those of a constrained fermionic model. In
order to cast Eq. (12) completely in the form of Eq. (7), the third term in
Eq. (12) will have to vanish. This can be achieved by a chiral change of
variables in Eq. (12), since a term linear in B
0
+
is then generated as a result
of the chiral anomaly which originates from the non-trivial way the fermionic






























































is the eld which couples to the current j

and appears in the covariant
derivative used to regularize the Fujikawa Jacobian.






















This result is more complicated than the corresponding expression (14) for




, which is coupled to j

and is used as a regulator, changes. Before
exploiting expression (16) to address the unwanted linear term in expression
(12), we present a short derivation of J
F

































































































































































































































We are now almost in a position to show the equivalence of expressions

























































while the determinant originating from the change of variables (23) can be



















, we see that we have succeeded in our
original aim: the free fermion generating functional has been written as the
product of partition functions for a coset model and a theory of free bosons.
A point to note is that the coset model obtained above is in the light
cone gauge. Normally the U(1)=U(1) coset model is formulated in terms of


























This model has a U(1) gauge invariance which needs to be gauge xed. If














































is the Fadeev-Popov determinant. In the second line we have
represented this determinant with ghosts. We note that the fermionic parts
of expressions (24) and (27) are the same. The ghosts introduced to lift the
Jacobian in expression (23) may be identied with the Fadeev-Popov ghosts
in expression (27).
We now discuss how the product representation (24) of the fermionic
generating functional can be used to extract the bosonization dictionary. To
calculate current-current correlation functions, we only need to consider the




























We have included in the normalization N the fermionic coset factor
which, as stressed above, is irrelevant for current-current correlation func-
tions. In order to rewrite our result in terms of the original sources of
the generating functional (2), we substitute A
+













































. In order to write
the bosonization rule for the fermionic current with the usual normalization,
we rescale the bosonic eld according to =
p
 ! , so that we nd from










We have thus been able to rewrite the partition function for free fermions
in the presence of an external source as the partition function for free bosons
(times a coset model factor which plays no physical role). By just consider-
ing the coupling of the bosonic eld to the source we could then derive the
bosonization rule (30). Although our procedure may seem complicated for
the simple abelian case, we shall see below that it is easily extended to the
non-abelian case for the derivation of more involved non-abelian bosoniza-
tion rules.
Concerning the bosonization rules for  , we just add source terms of













































































If we now dierentiate with respect to the sources and set them equal to
zero, we again obtain a factorization into a coset model and a free bosonic













































The correlator h i
coset
is in fact a constant [8] because, as already stated,
the coset model has no dynamical degrees of freedom. Note that we have to
restrict our discussion here to gauge invariant fermionic quantities, as the
correlators of quantities like  are not constant in the coset model, but have
a value which depends on how the gauge in the coset model has been xed.
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At the canonical level  
+








that we may associate  
+
with the holomorphic part of e
i
.
The fact that we have obtained, as a matter of convenience, a coset
model in a particular gauge, may raise questions about the generality of the
result. It is in fact possible to modify the procedure to obtain a coset model
































































Since this generating functional is in fact -independent, we nd after inte-























































































































The last term in Eq. (40) then cancels the linear term in B of the Fujikawa






































































we obtain a constrained fermionic model which is not gauge xed together
with a free bosonic theory. The procedure is simpler, however, if we work
only with right-handed fermions at intermediate stages, especially in the
non-abelian case, as becomes apparent in Sect. 4.
3 BRST symmetry and smooth bosonization
In this section we briey discuss the relation between our procedure and
the smooth bosonization approach of ref. [5], where a gauge symmetry, re-
ferred to as \bosonization gauge symmetry", was introduced by making a

5
transformation and integrating over the corresponding angle. This pro-
cedure indicates that bosonization can be viewed as arising from the choice
of a particular gauge. Although no gauge symmetry is introduced in our ap-
proach, a similar view of bosonization can be taken by noting that a BRST
symmetry arises naturally within our scheme.





















































































































































(x) ! (x)  (x) :
(47)
This can easily be veried explicitly: the part of the Lagrangian that con-
tains fermions is exactly invariant under the transformation while the varia-
tion of the bosonic part cancels the contribution coming from the fermionic
measure. Only the last two terms break the symmetry explicitly. The exis-
tence of this symmetry stems from the chiral transformation we made and
the fact that we also integrate over the parameter of the transformation.
Although the total generating functional is not invariant under the trans-
formation Eq. (47), a global BRST symmetry exists which leaves the gener-
ating functional invariant. This follows once we note that the last two terms







































This BRST symmetry is nilpotent and therefore the variation of Eq. (48)
is zero. The remainder of the partition function is invariant because this
BRST symmetry is only a special case of the symmetry (47). The terms in
expression (48) can therefore be viewed as a type of gauge xing condition
and a Fadeev-Popov determinant, respectively. Note however that no notion
of anomalous gauge xing as discussed in [5] is required in our approach.
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 in Eq. (46), we obtain the bosonization
results of the previous section. We have the freedom, however, of choosing
a still more general 
 
(). This will correspond to the smooth bosonization













































































 now leads for  = 1 to a constrained fermion model
and a free boson model, and in the case  = 0 to a free fermion model and
a trivial boson theory. For values of  between 0 and 1 one nds non-trivial
models of fermions and bosons coupled together.
4 Non-abelian bosonization
In this section we generalize our approach to bosonization to the non-abelian
case. One of the advantages of our scheme is in fact the simplicity with
which abelian bosonization can be extended to the case of fermions in some
representation of a non-abelian group G. We start with a theory of free


















































As in the abelian case we nd it convenient to set one of the source
terms equal to zero at intermediate stages of the calculation. This can be




















































h. The fermionic measure is invariant
under this type of transformation. In the following we again drop the primes
for notational simplicity.
To rewrite Eq. (53) as a functional which factorizes into a constrained
fermionic model and a bosonic part, requires once again a eld B
+
which will
become the Lagrange multiplier of the constrained fermions. The identity
























































This identity is introduced in Eq. (53) and to constrain the fermions we

























 = (g) :
(57)




















































is the eld appearing in in the covariant derivative used as a regu-














The corresponding determinant for a nite transformation may be cal-





















































(, is a three dimensional ball with two dimesional spacetime as boundary.)
This action satises the Polyakov-Wiegmann identity [10]













































































































































































































)is the Jacobian associated with the transformation fromD
 
to the invariant measure Dg, while S
F
is the free fermion action.
As in the abelian case this generating functional is \nearly" gauge invari-
































It is straightforward to check that the part of the Lagrangian that con-
tains fermions is invariant, while the variation of the bosonic part precisely
cancels the anomaly arising from the noninvariance of the fermionic measure.





(g)) and the above mentioned determinant, which break
the gauge symmetry explicitly.
A BRST invariance does, however, exist. As in the abelian case the part
of the generating functional which is not gauge invariant can be written as a




) is, like the















because of the invariance of the Haar measure, and can therefore be evalu-






the identity the invariant measure is D
a
. The determinant for the change
of variables from 
 




). This determinant is now lifted















































which is exactly the gauge non-invariant part. Because the BRST symmetry
is nilpotent the BRST variation of this term is zero. The remainder of the
generating functional is invariant because the BRST transformations is a
special case of the gauge transformation (67). The fermionic generating























































(g) we have a complicated interacting fermion and








































cg, a transformation with trivial

























































































































with the change of variables from DA
+







This is formally equivalent to our result, but in the case of [8] the deter-
minant is regularized to respect a gauge symmetry. In our case  is not
a gauge connection and there is no reason to regularize so as to respect
gauge invariance. Instead we have a global BRST symmetry which should
be maintained.
The interpretation of Eq. (78) is as follows. The fermionic part has
decoupled from the bosonic part and it is a G=G coset model which is
trivial from the dynamical point of view. All the dynamics now resides in
the bosonic sector which corresponds to a WZW model at level one with the















component of the fermionic current.
This model can be rewritten in terms of the original sources by making
the vector gauge transformation hgh
 1
and using the invariance of the Haar




































in terms of the original sources.











simply add the corresponding source terms to Eq. (53). Under transforma-













with respect to the sources and then setting them equal to zero, we note
that, as in eq. (33), the correlators factorise into a fermionic part which
is a constant, and correlators of g in the WZW model. Note that in the
bosonic version of the coset model as a gauge WZW model, correlators of
17








In summary we have given within the path integral framework a complete
derivation of the bosonization dictionary in 1+1 dimensions for both the
abelian and non-abelian cases. This was achieved by inserting an appro-
priate identity into the generating functional for free fermions to introduce
bosonic degrees of freedom. Then, after a chiral change of variables, the
generating functional can be factorized in terms of a G=G-coset model par-
tition function, which is dynamically trivial, and a bosonic model partition
function.
We have illustrated our method with an external source A

. However,
it is also applicable when A

is a background eld or a dynamical eld, that
is, when we integrate over A

. This makes it possible to apply our method
to interacting models like QCD
2
or the chiral Gross-Neveu model.
A further interesting aspect concerns the bosonization BRST symmetry
disovered in ref. [5]. This symmetry emerges quite naturally in our approach
which, as we have shown, allows one to extend smooth bosonization to non-
abelian systems in a straightforward manner.
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